CSCI 3100: ALGORITHMS

Chapter 4

Divide-and-Conquer

Recurrences

REVIEW & OVERVIEW

= Last time
= Lower bound on comparison sorts
= Formal proofs
= First homework

= This time
* Divide and conquer
= Recurrences and recursion
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DIVIDE AND CONQUER ANALOGY

RECURRENCES AND RUNNING TIME

= Recurrences arise when an algorithm contains recursive calls to
itself

= Running time is represented by an equation or inequality that
describes a function in terms of its value on smaller inputs.

T() = T(n-1) + n

= What is the actual running time of the algorithm? i.e. T(n) =7

= Need to solve the recurrence
= Find an explicit formula of the expression

= Bound the recurrence by an expression that involves n




EXAMPLE RECURRENCES

= T(n) = T(n-1) +n O(n?)
Recursive algorithm that loops through the input to eliminate
one item

= T(n) = T(n/2) +c O(lgn)

Recursive algorithm that halves the input in one step

= T(n) = T(n/2) +n O(n)
Recursive algorithm that halves the input but must examine
every item in the input

= T(n)=2T(n/2) + 1 o(n)
Recursive algorithm that splits the input into 2 halves and does
a constant amount of other work @

BINARY-SEARCH

» Finds if X is in the sorted array A[lo...hi]

Alg.: BINARY-SEARCH (A, lo, hi, x)

if (lo > hi) L2 s 4 s e 1 s
return FALSE 213151 719110/11]12
mid « | (lo+hi)/2 ] T
if x = Almid] L e
1o hi
return TRUE

if (x < A[mid])
BINARY-SEARCH (A, lo, mid-1, x)
if (x> A[mid])
BINARY-SEARCH (A, mid+1, hi, x) O
€
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EXAMPLE 1

A[8]={1,2,3,4,5,7,9,11}
lo=1 hi=8 x=7

123 {e)s|7]9|11]|/md=410=5ni=8

mid =6, A[mid] =x
12 ]3|4]5[7) 9|11 Founar

EXAMPLE 11
A[8]=1{1,2,83,4,5,7,9, 11}
lo=1 hi=8 x=6

1 2 3 4 5 6 7 8

1|2 3!4\; 11| lo=1, hi=8, mid = 4.
+low Thigfil4]=4

(62}
=
©

112(3]|4 5@9 11| lo=5,hi=8, mid=6,
1 low F hight o7

5Y7 |9 |11| 1o0=5,hi=5, mid =5,
S A[5]=5

1{2(3|4|5|7]|9]|11| 1o=6,hi=5= NOTFOUND!
f

T low ©
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RNRLYSIS OF BINARY-SEARCH

Alg.: BINARY-SEARCH (A, lo, hi, x)

if (lo > hi)
return FALSE +<————— constant time: ¢,
mid < [ (lo+hi)/2] «<————— constant time:c,
i#x = Almid] «<——— constant time:c;
return TRUE

if (x < A[mid])

<— same problem of size
BINARY-SEARCH (A, lo, mid-1, x)

/2
if (x> A[mid]) +— same problem of size
BINARY-SEARCH (A, mid+1, hi, x) n/2

T(n) = c+ T(n/2)

METHODS FOR SOLVING RECURRENCES

Substitution method

Iteration/Recursion-tree method

I

Master method




SUBSTITUTION METHOD

= Make a guess

= Prove that your guess is correct
Example: T(n) = ¢ + T(n/2)
Guess:T(n) = O(n)

Proof:
= Base case:n = 1,T(n) = constant = O(n)
= Inductive step: assume true for n/2:
* T(n/2) <cn/2foralln=n,
= Complete the proof ...

SUBSTITUTION METHOD — EXAMPLE 2

« T(n) = n + 2T(n/2) = O(nlg(n))
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THE ITERATIGN METHOD

Convert the recurrence into a summation and solve it using a known series
Example: T(n) = ¢ + T(n/2)
T(n) = c+ T(n/2)
=c+ c+ T(n/4)
———

=c+ c+c+ T(n/8)

=c+ c+c+c+T(n/2%)
Assume n=2% then k=Ign and

T(n)ic+ c+c+c+c+...+,T(n/2'<)

(k L’mes)
T(n) = k *c +T()

T(n)= clgn

ITERATION METHOD — EXAMPLE 2

T(n) = n + 2T(n/2) Assume n=2X 2 k=1gn

T(n) = n+ 2T(n/2)
=n+ 2(n/2 + 2T(n/4))
=n+ n+4T(n/4)
=n+ n+4(n/4 + 2T(n/8))
=n+ n+n+8T(n/8)
T(n) = 3n + 23T(n/23)
= kn + 2kT(n/2%)
= nign + nT(1)
T(n) = O(nlgn)
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METHODS FOR SOLVING RECURRENCES

e Substitution method

am Iteration/Recursion-tree method

e Master method

I

THE RECURSION-TREE METHOD

Convert the recurrence into a tree:
= Each node represents the cost incurred at various levels of

recursion

= Sum up the costs of all levels

Used to “guess” a solution for the recurrence




EXAMPLE 1 W(N) = 2W(N/2) + N2

2 5
n n<

height=lgn o ———-----= = ——
|

/{/\\\ ,
|

m'2)” w2~

n- n”

7%

W2y  Wn2y m2)” m'2)"
Wind)  wind) W) Wind)

b
W2y 2Win4)Hn2) >
W4 2Wins) ) 2 |
= Subproblem size at level i = n/2i I
= Atleveli: Costof eachnode = (n/27)2 # ofnodes= 2" Total cost= (n?/2/)
= h =Height of the tree & n/2"=1> h = Ign
= Total cost at all levels:

w( _]gnnl_zlgnl‘< . li_z 1 L
m=Yewy (2] ey 1) =2

i=0 i=0 i=0

= W(n) = O(n?)

EXAMPLE 2 T(N) = 3T(N/4) + CN?

T(n) cn? cn?

A\l

TE TG TEO (8 c (%) c(@?

ANSVANAN

TE) TG TG TG TR THR) TH) TH) TH)

= Subproblem size at level i = n/4

= Atleveli: Costof each node=c(n/4')2 # of nodes= 3! Total cost =cn?(3/16)'
= h = Height of the tree & n/4"=1 & h = log4n

= Total cost at all levels: (lastlevel has 3"°9,1= nlog,3 nodes)

T(n)= lo?f(%jcnz +G)(nl°g"3)s i(%)lcnz +G)(nl°g"3)= ! 3 cn’ +G)(nl°g"3)= O(nz)

i=0 i=0

16
=2 T(n) = O(n?)
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EXAMPLE 3
W(n) = W(n/3) + W(2n/3) + n

feee—e—-> 1

/(‘H ( R_——-> n
K (2n/9) 7<b 7<D -
: A : > <n
W) :
W(l) -=> <n
W) -> <n
w(l) )
(O (nlgn)

10



